Abstract. In this paper, a new numerical-symbolic Matlab program for the analysis of three-dimensional chaotic systems is introduced. The program provides the users with a GUI (Graphical User Interface) that allows us to analyze any continuous three-dimensional system with a minimal input (the symbolic ordinary differential equations of the system along with some relevant parameters). Such an analysis can be performed either numerically (for instance, the computation of the Lyapunov exponents, the graphical representation of the attractor or the evolution of the system variables) or symbolically (for instance, the Jacobian matrix of the system or its equilibrium points). Some examples of the application of the program to analyze several chaotic systems are also given.
Introduction
The analysis of chaotic dynamical systems is one of the most challenging tasks in computational science. Because these systems are essentially nonlinear, their behavior is much more complicated than that of linear systems. In fact, even the simplest chaotic systems exhibit a bulk of different behaviors that can only be fully analyzed with the help of powerful hardware and software resources. This challenging issue has motivated an intensive development of programs and packages aimed at analyzing the range of different phenomena associated with the chaotic systems.
Among these programs and packages, those based on computer algebra systems ( CAS) are receiving increasing attention during the last few years. Recent examples can be found, for instance, in [2, 3, 5] for Matlab, in [4, 7, 9, 10, 11, 12, 16] for Mathematica and in [17] for Maple, to mention just a few examples. In addition to their outstanding symbolic features, the CAS also include optimized numerical routines, nice graphical capabilities and -in a few cases such as in Matlab -the possibility to generate appealing GUIs (Graphical User Interfaces).
In this paper, the abovementioned features have been successfully applied to generate a new numerical-symbolic Matlab program for the analysis of threedimensional chaotic systems. The program provides the users with a GUI that allows us to analyze any continuous three-dimensional system with a minimal input (the symbolic ordinary differential equations of the system along with some relevant parameters). Such an analysis can be performed either numerically (for instance, the computation of the Lyapunov exponents, the graphical representation of the attractor or the evolution of the system variables over the time) or symbolically (for instance, the Jacobian matrix of the system or its equilibrium points). This paper describes the main components of the system as well some of its most remarkable features. Some examples of the application of the program to analyze several chaotic systems are also given.
Program Architecture and Implementation
The program introduced in this paper is comprised of four different components:
1. a set of numerical libraries containing the implementation of the commands and functions designed for the numerical tasks. They have been generated by using the native Matlab programming language and taking advantage of the wealth of numerical routines available in this system. Usually, these Matlab routines provide full control on a number of different options (such as the absolute and relative error tolerance, stopping criteria and others) and are fully optimized to offer the highest level of performance. In fact, this is one of the major strengths of the program and one of the main reasons to choose Matlab as its optimal programming environment.
a set of symbolic routines and functions. They have been implemented by us-
ing the Symbolic Math Toolbox that provides access to several Maple routines for symbolic tasks. 3. the graphical commands for representation tasks. The powerful graphical capabilities of Matlab exceed those commonly available in other CAS such as Mathematica and Maple. Although our current needs do not require to apply them at full extent, they avoid the users the tedious and time-consuming task to implement many routines for graphical output by themselves. Some nice viewing features such as 3D rotation, zooming in and out, coloring and others are also automatically inherited from the Matlab windows system. 4. a GUI. Matlab provides a mechanism to generate GUIs by using the socalled guide (GUI development environment). This feature is not commonly available in many other CAS so far. Although its implementation requiresfor complex interfaces -a high level of expertise, it allows the end users to apply the program with a minimal knowledge and input, thus facilitating its use and dissemination.
Regarding the implementation, this program has been developed by the author in Matlab v6.0 by using a Pentium IV processor at 2.4 GHz. with 512 MB of RAM. However, the program supports many different platforms, such as PCs (with Windows 9x, 2000, NT, Me and XP) and UNIX workstations. Figures in this paper correspond to the PC platform version. The graphical tasks are performed by using the Matlab GUI for the higher-level functions (windowing, menus, or input) while the built-in graphics Matlab commands are applied for rendering purposes. The numerical kernel has been implemented in the native Matlab programming language, and the symbolic kernel has been created by using the commands of the Symbolic Math Toolbox.
Some Illustrative Examples
In this section we show some applications of the program through some illustrative examples.
Visualization of Chaotic Attractors
This example is aimed at showing the numerical and graphical features of the program. Figure 1 shows a screenshot of a typical session for visualization of chaotic attractors. The different windows involved in this task have been numbered for the sake of clarity: #1 indicates the main window of the program, from where the other windows will show up when invoked. The workflow is as follows: firstly, the user inputs the system equations (upper part of window #1), which are expressed symbolically. At this stage, only continuous three-dimensional flows -described by a system of ordinary differential equations (EDOs) -are considered. For instance, in Fig. 1 we consider Chua's circuit, given by:
where
is the 3-segment piecewise-linear characteristic of the nonlinear resistor (Chua's diode) and α, β, a and b are the circuit parameters. Then, the user declares the system parameters and their values. In our example, we consider α = 8.9, β = 14.28, a = −1.14 and b = −0.71, for which the system exhibits chaotic behavior [1] . In order to display the attractor and/or the evolution of the system variables over the time, some kind of numerical integration is required. The lower part of window #1 allows the user to choose different numerical integration methods [15] , including the classical Euler and 2nd-and 4th-order Runge-Kutta methods (implemented by the author) along with some more sophisticated methods from the Matlab kernel such as ode45, ode23, ode113, ode15s, ode23s, ode23t and ode23tb (see [14] for details). Some input required for the numerical integration (such as the initial point and the integration time) is also given at this stage. By pressing the "Numerical Integration settings" button, window #2 appears and some additional options (such as the absolute and relative error tolerance, the initial and maximum stepsize and refinement, the computation speed and others) can be set up. Once chosen, the user proceeds to the graphical representation stage, where he/she can display the attractor of the dynamical system and/or the evolution of any of the system variables over the time. Such variables can be depicted on the same or on different axes and windows. The "Graphical Representation settings" button opens the window #3, where different graphical options such as the line width and style, markers for the equilibrium points, and others (including some coloring options leading to window #4) can be defined. The final result is the graphical output shown in window #5 where the double scroll attractor is displayed. 
Symbolic-Numerical Analysis of Chaotic Systems
An appealing feature of this program is the possibility to analyze the chaotic systems either symbolically or numerically. Figure 2 shows an example for the well-known Lorenz system [13] , given by:
where σ, R and b are the system parameters. The program includes a module for the computation of the Jacobian matrix and the equilibrium points of any three-dimensional flow. The Jacobian matrix is a square matrix whose entries are the partial derivatives of the system equations with respect to the system variables. If no value for the system parameters is provided, the computation is performed symbolically and the corresponding output depends on those system parameters. Figure 2 shows the Jacobian matrix for the Lorenz system, which depends not only on the system parameters but also on the system variables. Otherwise, the computations are performed numerically. For instance, once some Lyapunov exponents (LE) of the system can be numerically computed. To this purpose, a numerical integration method is applied. Figure 3 shows the window at which the different options for this numerical integration process can be chosen (left window) along with the graphical representation of the three Lyapunov exponents over the time (right window). As shown in the figure, the numerical values of these LE are 1.4 and 0.0022 and −15 respectively. Roughly speaking, the LE are a generalization of the eigenvalues for nonlinear flows.
They are intensively applied to analyze the behavior of nonlinear systems, since they indicate if small displacements of trajectories are along stable or unstable directions. In particular, a negative LE indicates that the trajectory evolves along the stable direction for this variable (and hence, regular behavior for that variable is obtained) while a positive value indicates a chaotic behavior. Because in our example we find positive LE, the system exhibits a chaotic behavior. This fact is evidenced in Figure 4 (left) where the corresponding attractor of the Lorenz system for our choice of the system parameters is displayed. The figure also displays the equilibrium points of the Lorenz system for our choice of the system parameters. Their corresponding numerical values are shown in the main window of Figure 3 . Finally, Figure 4 (right) shows the evolution of the system variables over the time from t = 0 to t = 200.
Conclusions and Further Remarks
In this paper, a new numerical-symbolic Matlab program for the analysis of three-dimensional continuous chaotic systems has been introduced. The system allows the user to compute the Jacobian matrix, the equilibrium points and the Lyapunov exponents of any chaotic three-dimensional flow, as well as to display graphically the attractor and/or the system variables. Some examples of the application of the program have also been briefly reported. Future works include the extension of this program to the case of discrete systems, the implementation of especialized routines for the control of chaos [6, 7, 8] and the synchronization of chaotic systems [10, 11] . This research has been supported by the Spanish Ministry of Education and Science, Project Ref. #TIN2006-13615.
